Two-dimensional (2D) materials are intrinsically anisotropic, and an accurate description of their out-of-plane response to an electromagnetic field is more and more important as new materials with diverse properties are proposed. Their electromagnetic properties are often modeled using a single sheet with a surface susceptibility or conductivity or by means of a thin film of finite thickness with an effective bulk permittivity. The discordances between these two approaches lead to two irreconcilable interpretations of the optical characterizations and uncertain predictions of electromagnetic responses. Here, we fully account for the particular anisotropy of 2D materials and reconcile both approaches. We propose a unified description for the electromagnetic properties that applies to 2D heterostructures for all polarizations and at all angles of incidence. In particular, we determine the class of materials for which both models can be used indifferently and when particular care should be taken to select the thickness and the tensorial response of the effective thin film. We illustrate our conclusions on extensively studied experimental quantities such as transmittance and ellipsometric data of graphene and metal dichalcogenides. We discuss similarities and discrepancies reported in the literature when single-sheet or thinfilm models are used.
I. INTRODUCTION
The electromagnetic (EM) properties of two-dimensional (2D) materials are at the forefront of current research activities. Further developments for applications as diverse as optical modulators, transparent conductive films, photovoltaic systems, superabsorbers, and sensors require an accurate description of their electromagnetic response [1] [2] [3] [4] . For example, optical contrast and transmission are among the commonly used quantities to characterize 2D systems, in particular, to determine their thickness or their number of layers [5] [6] [7] [8] [9] . Furthermore, electromagnetic properties are the macroscopic fingerprints of elementary excitations such as the interband transition, excitons, and plasmons. Their correct analysis is therefore crucial for the understanding of the underlying physics of 2D materials.
Several models are commonly used for the EM response of 2D materials. First, a purely 2D system with the definition of a single-sheet (surface) conductivity σ s or susceptibility χ s [10, 11] has been proposed. In particular, for graphene, an analytical expression for σ s based on the tight-binding approximation and Kubo formula has become popular [12] . It provides a clear distinction between interband and intraband electronic transitions. The surface conductivity can be determined experimentally, e.g., via Brewster angle measurements [13] .
Using another approach, 2D materials have been considered as isotropic materials with a small but finite thickness [7] [8] [9] 14, 15] . This approach notably allows using the * pascal.kockaert@ulb.ac.be well-developed transfer matrix technique to predict and interpret optical data (including ellipsometry) with widely available methodology and numerical codes. The thickness is often arbitrarily taken to be the interlayer distance of the threedimensional (3D) counterpart of the 2D material [11, 16] , considered as a fitting parameter [7] or evaluated based on the variation of the electronic density in the transverse direction [17] .
These two approaches (a purely 2D surface conductivity and a 3D isotropic thin film) do not always match, as demonstrated analytically and numerically [18, 19] , and a modeldependent interpretation of ellipsometric data has been reported [20] . This is particularly true for oblique incidence and TM (p-polarized) EM radiation [21] . Indeed, considering only a purely in plane 2D conductivity means that the out-of-plane response of the layer is neglected, while for an isotropic thin film, both the in-plane and out-of-plane responses are linked. Very recently, a criterion has been proposed to determine in which conditions the two models give similar results at normal incidence [22] .
Anisotropic thin films have also been studied. The outof-plane component has been taken to be a free parameter [20, 23, 24] or deduced from first-principles-approach calculations performed with periodic boundary conditions [19, 25] . The out-of-plane susceptibility in a single-sheet model was recently considered by two of us to analyze the nonlinear optical response of graphene [26] . Such an adequate description of the out-of-plane component is of prime necessity since very diverse 2D materials with potentially large out-of-plane polarizabilities are synthesized [27] and predicted [28] . In this work, we study analytically and numerically the conditions of the EM response function (surface susceptibility, dielectric tensor) and of the thickness of the effective thin film for a correct description of the response of 2D materials. In particular, we analytically link the surface susceptibility of the single sheet to the ordinary and extraordinary optical constants of the equivalent thin film. We then focus our attention on the determination of the surface conductivity of the 2D materials based on the interpretation of optical transmission, ellipsometry, and optical contrast measurements.
II. MODELIZATION OF 2D MATERIALS
In this section, we perform a comparison between the single-sheet and thin-film approaches within the framework of transfer matrix formalism for stratified media [29] . As a first step, we build the transfer matrix of a single sheet at the interface of two surrounding media (a and b), as depicted in Fig. 1 (left) . In a second step, we calculate the transfer matrix of a thin film with finite thickness d f (Fig. 1, right) . We then analytically compare the two approaches and highlight the consequences for quantities that can be easily determined experimentally (transmittance, ellipsometric data, optical contrast). Importantly, we insist here on the consequences of the intrinsic anisotropy of 2D materials.
The single sheet is described by a surface susceptibility tensor χ s that is diagonal in our reference frame (Fig. 1) . The in-plane components of χ s are directly related to its surface conductivity by
where α = x, y. The out-of-plane component χ s z is also considered here, but an out-of-plane conductivity has no physical meaning for a single sheet.
The thin-film material is described by a dielectric tensor ε f related to the bulk conductivity components by
The in-plane and bulk conductivities are related by σ [19] . The incident and substrate materials (a and b) can be anisotropic but with their optical axes aligned with those of the 2D material, i.e., 
in most (if not all) of the systems studied experimentally so far. This hypothesis avoids the coupling between transverseelectric (TE) and transverse-magnetic (TM) modes. We allow those surrounding materials to have a complex permittivity and express the dependence on the angle of incidence via the wave vector k = (k x , k y , k z ). If the incident medium is a perfect dielectric characterized by the real isotropic permittivity ε 0 ε a = ε 0 n 2 a and k y = 0, we have k x = k 0 n a sin α i , with k 0 being the wave number of the light in vacuum, n a being the refractive index of medium a, and α i being the angle of incidence.
A. Two-dimensional material as a single sheet
In order to describe the out-of-plane component in the single-sheet model, we use the approach described in Ref. [26] based on Refs. [30, 31] . In particular, the transmission coefficient t and the reflection coefficient r of the electric field in TE and TM configurations can be written as (see the Supplemental Material [32] ) not symmetrical, i.e., t ba = 2 − t ab , while ϕ x , ϕ y , ϕ z do not depend on the propagation direction.
In these notations the transfer matrix between the incident medium a and the outgoing medium (substrate) b can be written as (see the Supplemental Material [32] )
so that the forward (F ) and backward (B) field components in media a and b at the single-sheet interface are linked by
The expressions for TE and TM modes have a similar form if the forward and backward components are defined as in Table I . The matrix S ab includes the out-of-plane response of the current sheet χ s z through ϕ z and can therefore be compared to the thin-film model.
B. Two-dimensional material as a thin film
The transfer matrix T ab that describes the propagation of EM waves in the effective thin-film system of thickness d f with the diagonal permittivity tensor ε f of components ε f x , ε f y , and ε f z involves the transfer matrix at the two interfaces (I af and I f b ) and the propagation matrix P f in the homogeneous film f over a distance d f . Then
with Table I . The anisotropy of the media is accounted for through the diagonal components of the dielectric tensors.
C. Analytical comparison
The two models are considered equivalent if their transfer matrices are identical. However, we cannot directly compare S ab and T ab since the propagation in the slab of thickness
The correct equality is then
In the limit of small phase shift, we can develop (10) to first order in k 0 d f for the bulk parameters ( a , b , f 1) and to first order in k 0 χ s for the single-sheet parameters (ϕ x , ϕ y , ϕ z 1). A lengthy but straightforward calculation provides the effective dielectric function of the thin film as 
where Fig. 1) . As expected, the effective dielectric tensor components do not depend on the angle of incidence. Nevertheless, those quantities depend on the 2D material through χ s and on the geometry of the thin film defined by d a and d b . More surprisingly, the components of the dielectric tensor of the surrounding materials ε a and ε b also appear in (11)- (13) . In the frequent case where the incident medium is air and a thin film of thickness d f is lying on top of the substrate b, we have
Equations (14) and (15) are commonly used for 2D materials and are perfectly valid under the assumptions reported above. The relation (16) for the out-of-plane components still includes ε b z and is far from being intuitive but is important to understand the link between the isotropic thin film and the anisotropic single-sheet models. Indeed, it explains some discrepancies between the two approaches reported in the literature, as we will discuss later. In the absence of outof-plane susceptibility (χ s z = 0), (16) gives ε f z = 1, and the effective thin film is anisotropic.
III. DISCUSSION
In this section we compare the results of the two approaches for quantities that are easily obtained experimentally: transmittance, ellipsometry, and optical contrast. A perfect planar interface between the different media is considered. In cases where the surface roughness of the substrate is important, it can be taken into account in the transfer matrix calculation, i.e., by considering an intermediate thin layer with an effective dielectric response [33] .
A. Transmittance
We consider a sample with the geometry depicted in Fig. 1 . In the TM configuration, from (3) and Table I To understand the impact of using the thin-film model instead of the single-sheet approach and to test the validity range of (11)- (13) with respect to k 0 χ s , we have performed extensive numerical simulations. All the numerical results presented here are for a TM wave incident on an air/2D material/glass (n b = 1.5) system with an angle θ = 75
• and a thickness d f = 0.34 nm, unless otherwise specified. Figure 2 displays the relative difference of transmittance defined as
where the thin-film transmittance T tf is computed from (7) without performing the small-phase-shift approximation and the single-sheet transmittance T sh is calculated using (17) .
We compare results for two incident wavelengths (in the IR, λ = 1550 nm, and in the visible, λ = 700 nm) obtained with the single-sheet model with no out-of-plane susceptibility (χ s z = 0) and with the anisotropic thin film with ε f from (11)- (13) . The transmittances computed in the anisotropic thin-film model and in the single-sheet model are obviously in very good agreement. Therefore, in the following, we will consider that the single-sheet model and the anisotropic thinfilm model give equivalent results. This rationalizes also the fact that the small-phase-shift condition is satisfied for a large range of 2D susceptibilities.
When the small-phase-shift condition is relaxed (|Re[k 0 χ s ]| 1), larger T is obtained, corresponding to the yellow bands on the left and right sides of Figs. 2(a) and 2(b). The difference is larger at smaller wavelengths.
For an isotropic thin-film model more important discrepancies are observed, as illustrated in Fig. 3 . Note that the scale of T is different in Figs. 2 and 3 . For Fig. 3 , ε x and ε y are equal T between the isotropic and anisotropic thin films of graphene for a system of air/graphene/glass. The refractive index of glass is taken to be 1.5. Graphene is modeled using the Kubo formula with E F = 0.4 eV, τ = 100 fs. The red dashed line represents a thickness equal to 1/1000 of the wavelength. and obtained from (11) and (12), and ε x = ε y = ε z . For a better interpretation of the data, we identify in Fig. 3 the range of values for the susceptibility of graphene at each wavelength based on the Kubo formula [12] for a range of Fermi levels from 0.05 to 1 eV and a range of relaxation times from 10 to 200 fs. Note that for the anisotropic case, we observe a particularly small T with a maximum of 2 × 10 −3 % in this range.
Notably, a high value of T is observed in a vertical line corresponding to Re[χ s ] = −d f , for which the real part of the permittivity ε = 1 + χ s /d f vanishes. This shows, similar to what was reported in Ref. [21] , that an artificial plasmonic resonance is predicted by an isotropic thin-film model due to the artificial metallic nature of the out-of-plane component of the permittivity tensor. This unphysical resonance could have dramatic effects on the prediction of the optical properties.
To investigate further the influence of the anisotropy, we present in Fig. 4 the difference between the transmittance obtained with the isotropic and anisotropic thin-film models in the TM configuration for graphene as a function of the incident wavelength and of the thin-film thickness. The two models give very similar results for the ratio λ/d f > 1000, i.e., for very small k 0 d f (under the dashed line). This validates the fact that the anisotropy of graphene has often been disregarded without consequences for the validity of the conclusions if the chosen thickness of the thin film is at least three orders of magnitude lower than the wavelength.
This surprisingly good prediction within the isotropic thinfilm model for intrinsically anisotropic 2D material is explained as follows. The isotropic thin-film model does not correspond to the assumption χ . By means of (13) , this is equivalent to setting In particular, it confirms that in the limit d f = 0, both models agree, as reported in Ref. [34] . More importantly, this also resolves the apparent contradiction between the conclusions of Ref. [34] and those of Refs. [18, 19, 21] on the equivalence (or not) of both models for d f → 0. Indeed, (20) shows that, if we model graphene by means of a thicker layer so that χ Fig. 5 , where we plot the terms in brackets in (17) and (18) for an air/graphene/glass system at 634 nm as a function of the angle of incidence for different approaches: the single sheet for χ The results for the anisotropic thin film cannot be distinguished from those of the anisotropic single sheet and are therefore not plotted. The thickness d f = 5 nm is commonly used in discrete numerical simulations to avoid prohibitive numerical cost [21] . As expected, at normal incidence, all curves are superimposed, and the anisotropy does not play a role. As the angle of incidence increases, the z component of the response functions becomes more important, and the exact value of the thickness of the thin film influences the computed optical properties. Surprisingly, isotropic thin-film calculations correspond to either an isotropic or anisotropic single-sheet model depending on the considered effective thickness.
To conclude on the physical quantities that can be deduced from transmittance measurements, we note that, although transmittance measurements at different angles allow us, in principle, to separate the in-plane and out-of-plane responses 
